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Let L(X, Y ) stand for the space of all bounded linear operators between real Banach
spaces X and Y , and let Σ be a σ -algebra of sets. A bounded linear operator T from
the Banach space B(Σ, X) of X-valued Σ-totally measurable functions to Y is said to be
σ -smooth if ‖T ( fn)‖Y → 0 whenever a sequence of scalar functions (‖ fn(·)‖X ) is order
convergent to 0 in B(Σ). It is shown that a bounded linear operator T : B(Σ, X) → Y is
σ -smooth if and only if its representing measure m :Σ → L(X, Y ) is variationally semi-
regular, i.e., m˜(An) → 0 as An ↓ ∅ (here m˜(A) stands for the semivariation of m on A ∈ Σ).
As an application, we show that the space Lσ s(B(Σ, X), Y ) of all σ -smooth operators
from B(Σ, X) to Y provided with the strong operator topology is sequentially complete.
We derive a Banach–Steinhaus type theorem for σ -smooth operators from B(Σ, X) to Y .
Moreover, we characterize countable additivity of measures m :Σ → L(X, Y ) in terms of
continuity of the corresponding operators T : B(Σ, X) → Y .
© 2008 Elsevier Inc. All rights reserved.
1. Introduction and preliminaries
We denote by σ(L, K ) and τ (L, K ) the weak topology and the Mackey topology on L with respect to a dual pair 〈L, K 〉.
Let (X,‖ · ‖X ) and (Y ,‖ · ‖Y ) be real Banach spaces and let BX and S X stand for the closed unit ball and the unit sphere
in X , respectively. Let X∗ and Y ∗ stand for Banach duals of X and Y , respectively. Denote by L(X, Y ) the space of all
continuous linear operators between Banach spaces X and Y . The weak∗ operator topology (brieﬂy W∗OT) is the topology
on L(X, Y ) deﬁned by the family of seminorms {py∗: y∗ ∈ Y ∗}, where py∗(U ) := ‖y∗ ◦ U‖X∗ for U ∈ L(X, Y ).
Let Σ be a σ -algebra of subsets of a non-empty set Ω . Let 1A stand for the characteristic function of a set A ∈ Σ . By
S(Σ, X) we denote the space of all X-valued Σ-simple functions s =∑ni=1 1Ai ⊗ xi , where Ai ∈ Σ , xi ∈ X for 1 i  n, and
(1Ai ⊗ xi)(ω) = 1Ai (ω)xi for ω ∈ Ω . Let B(Σ, X) denote the Banach space of all Σ-totally measurable functions f : Ω → X
provided with the supremum norm ‖ · ‖∞ . Let N and R stand for the sets of all natural and real numbers. In case X = R
we will simply write B(Σ) instead of B(Σ,R).
Now we recall basic terminology concerning operator-valued measures (see [3,5,6,10–12,15,16]). An additive mapping
m : Σ → L(X, Y ) is called an operator-valued measure. We deﬁne the semivariation m˜(A) of m on A ∈ Σ by m˜(A) :=
sup‖Σm(Ai)(xi)‖Y , where the supremum is taken over all ﬁnite Σ-partitions (Ai) of A and xi ∈ X with ‖xi‖X  1 for
each i. For y∗ ∈ Y ∗ , let my∗ : Σ → X∗ be a set function deﬁned by my∗ (A)(x) := 〈m(A)(x), y∗〉 for x ∈ X . Then my∗ is a
ﬁnite additive measure and m˜y∗ (A) = |my∗ |(A), where |my∗ |(A) stands for the variation of my∗ on A ∈ Σ . It is known
that m˜(A) < ∞ if and only if |my∗ |(A) < ∞ for every y∗ ∈ Y ∗ . Moreover, m˜(A) = sup{|my∗ |(A): y∗ ∈ BY ∗ } for A ∈ Σ (see
[3, Theorem 5]).
Following P.W. Lewis (see [15,16]) a measure m : Σ → L(X, Y ) is said to be variationally semi-regular if m˜(An) → 0
whenever An ↓ ∅ and (An) ⊂ Σ (I. Dobrakov [11] uses the term “continuous”; C. Swartz [19] uses the term “strongly
bounded”). Note that if m is variationally semi-regular, then m˜(Ω) < ∞ (see [12, Theorem 5, Corollary]). Recall that
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(An) ⊂ Σ (see [3, p. 921], [15, p. 382]).
By fasv(Σ, L(X, Y )) we denote the set of all ﬁnitely additive measures m : Σ → L(X, Y ) with ﬁnite semivariation, i.e.,
m˜(Ω) < ∞. If m ∈ fasv(Σ, L(X, Y )), then T ( f ) = ∫
Ω
f (ω)dm deﬁnes a bounded (= (‖ · ‖∞,‖ · ‖Y )-continuous) linear oper-
ator from B(Σ, X) to Y and any bounded linear operator T : B(Σ, X) → Y is given this way. Moreover, ‖T‖ = m˜(Ω) (see
[10, §9]).
Now we deﬁne some important class of operators from B(Σ, X) to a Banach space Y (see [4, Deﬁnition 4]).
For f ∈ B(Σ, X) let f˜ (ω) = ‖ f (ω)‖X for ω ∈ Ω . Then f˜ ∈ B(Σ). Recall that a sequence (un) in B(Σ) is said to be order
convergent to u ∈ B(Σ) (in symbols un (o)−−→ u) if there exists a sequence (vn) in B(Σ) such that |un − u| vn holds for all
n ∈N and vn ↓ 0 (see [1, Deﬁnition 1.5]).
Deﬁnition. A linear operator T : B(Σ, X) → Y is said to be σ -smooth whenever ‖T ( fn)‖Y → 0 for each sequence ( fn) in
B(X,Σ) such that f˜n
(o)−−→ 0 in B(Σ).
Proposition 1.1. Let T : B(Σ, X) → Y be a σ -smooth operator. Then T is bounded.
Proof. Let ( fn) be a sequence in B(Σ, X) such that ‖ fn‖∞ → 0, and let ( fkn ) be a subsequence of ( fn). Then there exist
a subsequence ( flkn ) of ( fkn ), 0  u ∈ B(Σ) and a sequence (εn) of positive numbers with εn ↓ 0 such that f˜ lkn  εnu for
n ∈N (see [14, Lemma 4.3.2]). Then f˜ lkn
(o)−−→ 0 in B(Σ), so ‖T ( flkn )‖Y → 0. It follows that ‖T ( fn)‖Y → 0, as desired. 
The following version of the Nikodym convergence theorem for operator-valued measures will be of importance (see [19,
Proposition 13]).
Theorem 1.2. Let mk ∈ fasv(Σ, L(X, Y )) be variationally semi-regular for k ∈ N, and let m ∈ fasv(Σ, L(X, Y )). Assume that∫
Ω
s(ω)dm = limk
∫
Ω
s(ω)dmk for each s ∈ S(Σ, X). Then the following statements are equivalent:
(i)
∫
Ω
f (ω)dm = limk
∫
Ω
f (ω)dmk for all f ∈ B(Σ, X).
(ii) m is variationally semi-regular and the family {mk: k ∈ N} is uniformly variationally semi-regular, i.e., supk m˜k(An) −→n 0 as
An ↓ ∅.
Let L(B(Σ, X), Y ) stand for the space of all bounded linear operators from B(Σ, X) to a Banach space Y . The
strong operator topology (brieﬂy SOT) on L(B(Σ, X), Y ) is a locally convex topology deﬁned by the family of seminorms
{p f : f ∈ B(Σ, X)}, where p f (T ) = ‖T ( f )‖Y for T ∈ L(B(Σ, X), Y ). In view of the Banach–Steinhaus theorem the space
L(B(Σ, X), Y ) provided with SOT is sequentially complete. The weak operator topology (brieﬂy WOT) on L(B(Σ, X), Y ) is a
locally convex topology deﬁned by the family of seminorms {p f ,y∗ : f ∈ B(Σ, X), y∗ ∈ Y ∗}, where p f ,y∗(T ) = |y∗(T ( f ))|
for T ∈ L(B(Σ, X), Y ).
For Y =R we will write simply B(Σ, X)∼c instead of Lσ s(B(Σ, X),R) and the space B(Σ, X)∼c will be called the σ -order
continuous dual of B(Σ, X). Note that both SOT and WOT on B(Σ, X)∼c coincide with the weak∗ topology σ(B(Σ, X)∼c ,
B(Σ, X)). By B(Σ, X)∗ we denote the Banach dual of (B(Σ, X),‖ · ‖∞).
Properties of bounded linear operators from the spaces B(Σ) and L∞(μ) to Banach spaces can be expressed in terms
of the properties of their representing vector measures (see [7, Theorem 2.2], [9, Theorem 6.1.1, Lemma 6.1.6], [13, Corol-
lary 12], [18, Corollary 12], [21]). This approach has been extended to bounded linear operators from the spaces B(Σ, X)
and L∞(μ, X) to Banach spaces (see [5, Theorem 4.2], [6, Theorem 2], [17, Theorems 2.1 and 3.3]).
In this paper we study different classes of linear operators from the spaces B(Σ, X) to a Banach space Y . In Sec-
tion 2 we characterize σ -smooth operators T : B(Σ, X) → Y in terms of their representing measures m : Σ → L(X, Y ).
We show that the space Lσ s(B(Σ, X), Y ) of all σ -smooth operators from B(Σ, X) to Y provided with the strong operator
topology is sequentially complete. We obtain a Banach–Steinhaus type theorem for σ -smooth operators T : B(Σ, X) → Y .
In Section 3 we show that a measure m : Σ → L(X, Y ) is countably additive in W∗OT if and only if the correspond-
ing operator T : B(Σ, X) → Y is (τ (B(Σ, X), B(Σ, X)∼c ),‖ · ‖Y )-continuous. We derive that the space Lτ (B(Σ, X), Y ) of
all (τ (B(Σ, X), B(Σ, X)∼c ),‖ · ‖Y )-continuous linear operators T from B(Σ, X) to Y is a sequentially closed subspace of
L(B(Σ, X), Y ) for WOT.
2. Smooth operators on B(Σ, X)
Let m ∈ fasv(Σ, L(X, Y )) and T : B(Σ, X) → Y be the corresponding operator. For A ∈ Σ let us put T A( f ) := T (1A f ) for
f ∈ B(Σ, X). Then ‖T A‖ = m˜(A) (see [10, §9.2, Theorem 1, p. 145]).
We begin with the following characterization of σ -smooth operators from B(Σ, X) to Y .
Theorem 2.1. Let T : B(Σ, X) → Y be a bounded linear operator and let m ∈ fasv(Σ, L(X, Y )) be its representing measure. Then the
following statements are equivalent:
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(ii) T is σ -smooth.
Proof. (i) ⇒ (ii). Assume that m is variationally semi-regular, and let ( fn) be a sequence in B(Σ, X) with f˜n (o)−−→ 0 in B(Σ).
Then there exists a sequence (un) in B(Σ) such that f˜n  un ↓ 0 for n ∈ N. Let ε > 0 be given. For η = ε2‖T‖ > 0 and n ∈ N
let us put An = {ω ∈ Ω: un(ω) > η}. Since un(ω) ↓ 0 for ω ∈ Ω , we get ⋂∞n=1 An = ∅. Hence
m˜(An) = ‖T An‖ = sup
{∥∥T (1An f )∥∥Y : ‖ f ‖∞  1}→ 0.
Then there exists nε ∈N such that for n nε ,∥∥∥∥T
(
1
‖u1‖∞ 1An fn
)∥∥∥∥
Y
 m˜(An)
ε
2‖u1‖∞ ,
i.e., ∥∥T (1An fn)∥∥Y  ε2 . (1)
Moreover, for n ∈N we have∥∥T (1ΩAn fn)∥∥Y  ‖T‖ · ‖1ΩAn fn‖∞  ‖T‖η = ε2 . (2)
Hence by (1) and (2) we get for n nε ,∥∥T ( fn)∥∥Y = ∥∥T (1An fn)∥∥Y + ∥∥T (1ΩAn fn)∥∥Y  ε2 + ε2 = ε,
and this means that T is σ -smooth.
(ii) ⇒ (i). Assume that T is σ -smooth, and let An ↓ ∅, (An) ⊂ Σ . Then for every n there exist a ﬁnite Σ-partition (An,i)kni=1
of An and xn,i ∈ BX , 1 i  kn ∈N, such that
m˜(An)
∥∥∥∥∥
kn∑
i=1
m(An,i)(xn,i)
∥∥∥∥∥
Y
+ 1
n
.
Let sn =∑kni=1(1An,i ⊗ xn,i) for n ∈N. Then s˜n  1An ↓ 0 for n ∈N, i.e., s˜n (o)−−→ 0 in B(Σ). Hence
∥∥T (sn)∥∥Y =
∥∥∥∥∥
kn∑
i=1
m(An,i)(xn,i)
∥∥∥∥∥
Y
−→n 0,
so m˜(An) → 0. 
Let Lσ s(B(Σ, X), Y ) stand for the space of all σ -smooth operators from B(Σ, X) to Y . Then Lσ s(B(Σ, X), Y ) ⊂
L(B(Σ, X), Y ) (see Proposition 1.1).
Proposition 2.2.
(i) Lσ s(B(Σ, X), Y ) is a sequentially closed subspace of L(B(Σ, X), Y ) for SOT.
(ii) The space (Lσ s(B(Σ, X), Y ),SOT) is sequentially complete.
Proof. (i) Assume that (Tk) is a sequence in Lσ s(B(Σ, X), Y ) and limk Tk( f ) = T ( f ) exists in (Y ,‖ · ‖Y ) for each f ∈
B(Σ, X), where T ∈ L(B(Σ, X), Y ). Let mk ∈ fasv(Σ, L(X, Y )) be the representing measure for Tk and m ∈ fasv(Σ, L(X, Y ))
be the representing measure for T . In view of Theorem 2.1 mk are variationally semi-regular for k ∈N. Hence by Theorem 1.2
m is also variationally semi-regular, and this means that T is σ -smooth.
(ii) It follows from (i) because the space L(B(Σ, X), Y ) is sequentially complete for SOT. 
Corollary 2.3.
(i) B(Σ, X)∼c is a sequentially closed set in (B(Σ, X)∗, σ (B(Σ, X)∗, B(Σ, X))).
(ii) The space (B(Σ, X)∼c , σ (B(Σ, X)∼c , B(Σ, X))) is sequentially complete.
As an application of Theorems 2.1 and 1.2 we obtain the following Banach–Steinhaus type theorem for σ -smooth opera-
tors on B(Σ, X).
364 M. Nowak / J. Math. Anal. Appl. 349 (2009) 361–366Theorem 2.4. Let Tk : B(Σ, X) → Y be σ -smooth operators for k ∈ N such that supk ‖Tk‖ < ∞. Assume that T (s) := limk Tk(s)
exists in (Y ,‖ · ‖Y ) for each s ∈ S(Σ, X). Then
(i) T ( f ) := limk Tk( f ) exists in (Y ,‖ · ‖Y ) for each f ∈ B(Σ, X) and T : B(Σ, X) → Y is a σ -smooth operator.
(ii) The family {Tk: k ∈ N} is uniformly σ -smooth, i.e., supk ‖Tk( fn)‖Y −→n 0 for a sequence ( fn) in B(Σ, X) such that f˜n
(o)−→ 0
in B(Σ).
Proof. (i) Since cl‖·‖∞ S(Σ, X) = B(Σ, X), by the Banach–Steinhaus theorem T ( f ) := limk Tk( f ) exists in (Y ,‖ · ‖Y ) for each
f ∈ B(Σ, X), and T : B(Σ, X) → Y is a bounded linear operator. Let mk ∈ fasv(Σ, L(X, Y )) be the representing measures
for Tk , and m ∈ fasv(Σ, L(X, Y )) be the representing measure for T . Then by Theorem 2.1 mk are variationally semi-regular
for k ∈N. Hence by Theorem 1.2 m is also variationally semi-regular, and this means that T is σ -smooth.
(ii) In view of Theorem 1.2 the family {mk: k ∈ N} is uniformly variationally semi-regular. Now we shall show that the
family {Tk: k ∈ N} is uniformly σ -smooth. Indeed, let ( fn) be a sequence in B(Σ, X) such that f˜n (o)−−→ 0 in B(Σ). Then
there exists a sequence (un) in B(Σ) such that f˜n  un ↓ 0 for n ∈ N. Let ε > 0 be given. For η = ε2 supk ‖Tk‖ > 0 and n ∈ N
let us set An = {ω ∈ Ω: un(ω) > η}. Since un(ω) ↓ 0 for ω ∈ Ω , we have ⋂∞n=1 An = ∅. Hence
sup
k
m˜k(An) = sup
k
∥∥(Tk)An∥∥= sup
k
(
sup
{∥∥Tk(1An f )∥∥Y : ‖ f ‖∞  1})−→n 0.
Hence there exists nε ∈N such that for n nε ,
sup
k
∥∥∥∥Tk
(
1
‖u1‖∞ 1An fn
)∥∥∥∥
Y
 sup
k
m˜k(An)
ε
2‖u1‖∞ ,
i.e., for every k ∈N and n nε we have∥∥Tk(1An fn)∥∥Y  ε2 . (1)
Moreover, for every k ∈N and n ∈N we have∥∥Tk(1ΩAn fn)∥∥Y  ‖Tk‖ · ‖1ΩAn fn‖∞  ‖Tk‖ · η ε2 . (2)
Hence by (1) and (2) for every k ∈N and n nε we get∥∥Tk( fn)∥∥Y  ∥∥Tk(1An fn)∥∥Y + ∥∥Tk(1ΩAn fn)∥∥Y  ε2 + ε2 = ε,
so supk ‖Tk( fn)‖Y  ε for n nε . Thus the proof is complete. 
3. Countably additive operator-valued measures
First we characterize countable additivity of measures m : Σ → L(X, Y ) in W∗OT in terms of continuity of the corre-
sponding operators T : B(Σ, X) → Y .
Theorem 3.1. Let T : B(Σ, X) → Y be a bounded linear operator and let m ∈ fasv(Σ, L(X, Y )) be its representing measure. Then the
following statements are equivalent:
(i) y∗ ◦ T ∈ B(Σ, X)∼c for each y∗ ∈ Y ∗ .
(ii) T is (σ (B(Σ, X), B(Σ, X)∼c ),σ (Y , Y ∗))-continuous.
(iii) T is (τ (B(Σ, X), B(Σ, X)∼c ),‖ · ‖Y )-continuous.
(iv) m is countably additive inW∗OT.
Proof. (i) ⇔ (ii). See [1, Theorem 9.26].
(ii) ⇔ (iii). See [20, Corollaries 11-1-3, 11-2-6].
(i) ⇒ (iv). Assume that y∗ ◦ T ∈ B(Σ, X)∼c for each y∗ ∈ Y ∗ . Let y∗ ∈ Y ∗ and An ↓ ∅, (An) ⊂ Σ . We shall show that‖my∗(An)‖X∗ → 0. Indeed, for every n ∈N there exists xn ∈ S X such that∥∥my∗(An)∥∥X∗ = ∥∥y∗(m(An))∥∥X∗  ∣∣〈m(An)(xn), y∗〉∣∣+ 1n .
Let fn = 1An ⊗ xn for n ∈ N. Then f˜n = 1An and 1An (o)−−→ 0 in B(Σ). Hence (y∗ ◦ T )( fn) → 0, because y∗ ◦ T ∈ B(Σ, X)∼c .
But for n ∈N we have(
y∗ ◦ T )( fn) = 〈T (1An ⊗ xn), y∗〉= 〈m(An)(xn), y∗〉.
It follows that ‖my∗(An)‖X∗ → 0, as desired.
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B(Σ). Then for y∗ ∈ Y ∗ we have (y∗ ◦ T )( fn) =
∫
Ω
fn(ω)dmy∗ and∣∣y∗(T ( fn))∣∣ ∫
Ω
f˜n(ω)d|my∗ |,
where |my∗ | ∈ ca(Σ) (= the space of all countably additive signed measures) (see [9, Proposition 1.1.9]). Hence∫
Ω
f˜n(ω)d|my∗ | → 0 (see [2, Theorem 13.5]), and it follows that y∗(T ( fn)) → 0. This means that y∗ ◦ T ∈ B(Σ, X)∼c , as
desired. 
Denote by bva(Σ, X∗) the linear space of vector measures ν : Σ → X∗ of bounded variation, i.e., |ν|(Ω) < ∞. Let
bvca(Σ, X∗) stand for the space of countably additive vector measures ν : Σ → X∗ of bounded variation. If we equip
bva(Σ, X∗) with the variation norm, then bva(Σ, X∗) is a Banach space and bvca(Σ, X∗) is a closed linear subspace of
bva(Σ, X∗) (see [9, Chapter I, p. 30]). Note that bva(Σ, X∗) = fasv(Σ, L(X,R)) and |ν|(Ω) = ν˜(Ω) for ν ∈ bva(Σ, X∗).
In particular, by Theorem 3.1 we get
Corollary 3.2. For a continuous linear functional Φ : B(Σ, X) →R the following statements are equivalent:
(i) Φ is σ -order continuous, i.e., Φ ∈ B(Σ, X)∼c .
(ii) There exists a unique ν ∈ bvca(Σ, X∗) such that
Φ( f ) = Φν( f ) =
∫
Ω
f (ω)dν for all f ∈ B(Σ, X).
Moreover, ‖Φν‖ = |ν|(Ω) for ν ∈ bvca(Σ, X∗).
As a consequence of Corollaries 2.3 and 3.2 we get
Corollary 3.3.
(i) bvca(Σ, X∗) is a sequentially closed subspace of (bva(Σ, X∗), σ (bva(Σ, X∗), B(Σ, X))).
(ii) The space (bvca(Σ, X∗),σ (bvca(Σ, X∗), B(Σ, X))) is sequentially complete.
Moreover, in view of Theorems 2.1 and 3.1 we have
Corollary 3.4. Assume that T : B(Σ, X) → Y is a σ -smooth linear operator. Then T is (τ (B(Σ, X), B(Σ, X)∼c ),‖ · ‖Y )-continuous.
Now we shall show that the converse holds if Y contains no isomorphic copy of c0.
Proposition 3.5. Let T : B(Σ, X) → Y be a (τ (B(Σ, X), B(Σ, X)∼c ),‖ · ‖Y )-continuous linear operator, and assume that a Banach
space Y contains no isomorphic copy of c0 . Then T is σ -smooth.
Proof. Note that T is a bounded operator. Let m ∈ fasv(Σ, L(X, Y )) stand for the representing measure for T . In view of
Theorem 3.1 m is countably additive in W∗OT. Since m˜(Ω) = sup{|my∗ |(Ω): y∗ ∈ BY ∗ } < ∞, by [3, Remark 7, p. 7 and
Theorem 6] the set {|my∗ |: y∗ ∈ BY ∗ } is relatively weakly sequentially compact in ca(Σ). It follows that the set {|my∗ |:
y∗ ∈ BY ∗ } is uniformly countably additive (see [8, Theorem 7.13]), i.e.,
m˜(An) = sup
{|my∗ |(An): y∗ ∈ BY ∗}→ 0 as An ↓ ∅, (An) ⊂ Σ.
Hence m is variationally semi-regular, and by Theorem 2.1 T is σ -smooth. 
As an application of Theorems 2.1 and 3.1, Corollary 3.4 and Proposition 3.5 we have
Corollary 3.6. Let T : B(Σ, X) → Y be a bounded linear operator and let m ∈ fasv(Σ, L(X, Y )) be its representing measure. Assume
that a Banach space Y contains no isomorphic copy of c0 . Then the following statements are equivalent:
(i) T is σ -smooth.
(ii) m is variationally semi-regular.
(iii) m is countably additive inW∗OT.
(iv) T is (τ (B(Σ, X), B(Σ, X)∼c ),‖ · ‖Y )-continuous.
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Then Lσ s(B(Σ, X), Y ) ⊂ Lτ (B(Σ, X), Y ).
Proposition 3.7. Lτ (B(Σ, X), Y ) is a sequentially closed subspace of L(B(Σ, X), Y ) forWOT.
Proof. Let (Tn) be a sequence in Lτ (B(Σ, X), Y ) such that Tn → T for WOT, where T ∈ L(B(Σ, X), Y ). Let
T ∗n : Y ∗ → B(Σ, X)∼c stand for the conjugate of Tn deﬁned by T ∗n (y∗) = y∗ ◦ Tn for y∗ ∈ Y ∗ (see Theorem 3.1). Then one
can easily observe that T ∗n are (σ (Y ∗, Y ),σ (B(Σ, X)∼c , B(Σ, X)))-continuous for n ∈ N. Moreover, let T ∗ : Y ∗ → B(Σ, X)∗
denote the conjugate of T . Let y∗0 ∈ Y ∗ be given. Then for every f ∈ B(Σ, X) we have
T ∗
(
y∗0
)
( f ) = y∗0
(
T ( f )
)= lim y∗0(Tn( f ))= lim T ∗n (y∗0)( f ),
where T ∗n (y∗0) ∈ B(Σ, X)∼c and T ∗(y∗0) ∈ B(Σ, X)∗ . Hence by Corollary 2.3, y∗0 ◦ T = T ∗(y∗0) ∈ B(Σ, X)∼c . In view of Theo-
rem 3.1 T ∈ Lτ (B(Σ, X), Y ), as desired. 
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